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ABSTRACT
In the present paper, the author has studied about the structures which are the products and ratios of statistically
independently distributed positive real scalar random variables. The author has derived the exact density of
Generalized Gamma density by the Mellin Transform and Hankel Tranform of the unknown density and after that
the unknown density has been derived in terms of H - functions by taking the inverse Mellin transform and Inverse
Hankel Transform .A more general structure of generallized Gamma density has also been discussed.
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l. INTRODUCTION
Generalized Wright’s function , F\’1 (a, b:c,w; M, Z) defined by Dotsenko [1, 2] hs been denoted as

r r(a+k)r(b+kwj .
7,
2R1(abCW,u1 F(a)l“(b)kz: F(C_'_kWJ m
7,

1.1)

_I(c) Z|(a,1),[b,z]
“r@rb) (4]

The H -function is defined by means of a Mellin-Barnes type integral in the following manner (Mathai and Saxena,
1978):

H(2)=HI (@) =HD! [ZIEZ:,’B’Z“))]
_ H m,n |: | A ) (apyvA) :| — _J.g(s)z‘sds (1.2)

Where i =+/—1, z#0and z~° =exp[—sin | z|+iarg z] where | Z |represents the natural logarithim of | Z |and
arg zis not the principal value. Here

Hr(b +B. s)nr(l a. —As)

6(s)=—= (13)
er[+lr(1 b, - Bs)lqﬂr(a +As)
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The Mellin transform of f (X) denoted by M { f(x); S} or F(S)is given by

M {f(x);s} = T X*f (x)dx (1.4)

The Hankel transform of f (X) denoted by H { f(x); p} or F,(p)is given by

M, {F00: P} = [ %3, () F () a5

Il.  GENERAL STRUCTURES

A real scalar random variable X is said to have a generalized gamma distribution, when the density is of the
following form:

a+tm

BA S

F(“?mjz Ru(abic.wiu;p)
f (X) = 0,elsewhere (2'1)

xetg o’ R (a,bie,w;z; pxt); x>0,A>0,a>0, >0

Where the parameters ozand [ are real. The following discussion holds even when ¢ and [ are complex
guantities. In this case, the conditions become Re(«) >0,Re(f) >0 where Re(.)means the real part of (.).

Let E denote the mathematical expectation, the h™ -moment of X, when X has the density in (2.1), is given by

F£a+tm+hj
E(x“):i—ﬁ 2.2)

Zra+tm]
A (ﬂ

For Re(a +tm+h) >0.

When ¢ and h are real, the moments can exist for some values of halso such that ¢ +h>0.

The Mellin transform of f (X) is obtained from (2.2) as:

F(a+tm+s—1)
M{f(x)}=E(x")= f_l p

7 r a+tm]
A ( ;

2.3)

For Re(a +tm+s—-1)>0,s=v+2r+2.
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The unknown density f (X) is obtained in terms of H -function by taking the inverse Mellin transform of (2.3).
That is

1 N
f()=————<H | A"X| s (24)
Aﬂr(a-i_tm] [ B 'E]
B

The Hankel transform of f () is obtained from (2.2) as:
o +tm+s —1)

r

) ~ 1 ( B

H{f(x)}—E(XJV(IOX))—Jv('O)As;1 r(aﬂmj
B

For Re(a¢ +tm+s-1)>0,S=v+2r+2.

(2.5)

The unknown density f (X) is obtained in terms of H -function by taking the inverse Hankel transform of (2.5).
That is

1
Hor | A%x| (2.6)

F(=3,(p)—— e
BB

Aﬂr(a+tm]
B

Consider a set of real scalar random variables X,..., X, , mutually independently distributed, where X; has the

density in (2.1) with the parameters a;, ,Bj; J =1,...,k and consider the product
U= XX,...X, (2.7)

In the standard terminology in statistical literature, the h™ moment of U, when U has the density in (2.1), is given
by

F[ozj+tm+hJ
e(w)-r1t 5

izlAﬂLj r a; +tm
B

For Re(a; +tm+h)>0; j=1,...,k

2.8)

Then the Mellin transform of g (u) of U is obtained from the property of the statistical independent and is given by
M[g(u)]=M [xf’l]...M [xj’l} (2.9)
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o. +tm+s-1
=" -
1 B
1Asﬂ;jl r aj+tm
B

For Re(a; +tm+5-1)>0,s=v+2r+2

nz—

(2.10)

E(us’l) =1

The unknown density f (X) is obtained in terms of H -function by taking the inverse Mellin transform of (2.10).
That is

g(u)=—
Aﬂr(aj +tm]
;

j

Kk L
Hie | TTA%U| -y ii=leak | @1
[ A ‘ﬂTJ

For ,Bj =1 j=1,...,k, the H -function reduces to the G -function.

Then the Hankel transform of g(u) of U is obtained from the property of the statistical independent and is given
by:
H[uJ, (pu)l=H [xJ,(px)]H [%,J, (PX,)]-.H [%.J, (px,)] (2.12)

(a.+tm+s—1J
=" -
k1 ﬂ
=3,(M11 35 ‘

AP r aj+tm
B

For Re(a; +tm+5-1)>0,s=v+2r+2

(2.13)

The unknown density f (X) is obtained in terms of H -function by taking the inverse Hankel transform of (2.13).
That is

1

k -
H }:IlAﬁju [a,+tm_1 lj;j:1,...,k (2.14)
B B

TORRN()) ) G—
== (ajﬂm]

AT

i
For B, =1, j=1,...,k, the H -function reduces to the G -function.

If we consider more general structures in the same category. For example, consider the structure
U =X X725 7 >0, ]=1...,K (2.15)
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Where X, ..., X, are mutually independently distributed as in (2.5).

Then the Mellin transform of g(u,) of U, is given as

M[g()]=M[ x| .M[xC?] (2.16)

F[a" +tm+yj(s—1)]
5ol B

(2.17)

For Re(ar; +tm+s-1)>0,s=v+2r+2,7, >0.

The unknown density g(U,) is obtained in terms of H -function by taking the inverse Mellin transform of (2.17).
That is
1 L
g(ul) = -7 o +tm 0,k ] [ogl+tm—;/J ﬁ]
AT A hy

i

cj=1..k (2.18)

For B, =1=y,;;j=1,...,k, the H -function reduces to the G -function.
Then the Hankel transform of g(ul) of U, is obtained from the property of the statistical independent and is given

by:
HIu,J, (pu)] = H X3, (px*) JH X3, () |- H [ X3, (p) | 219)

l{a" +tm+;/j(s—1)J
1

k ﬂ
==J3,(p) 11— ‘ (2.20)
= o @ +tm
A j
B

For Re(a; +tm+s-1)>0,s=v+2r+2,y, >0

The unknown density g (U, ) is obtained in terms of H -function by taking the inverse Hankel transform of (2.20).
That is
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k PR
9(u)=J,(PI1—; : Hey JEIlAﬁJu1 ans 1 =lek | @20
A”ir{aiﬁmj S

i

For Re(a; +tm+s-1)>0,s=v+2r+2,7, >0

For ,Bj =1= 7is j=1,...,k, the H -function reduces to the G -function.

A More General Structure
We can consider more general structures. Let

e S Xern X
X X,

(2.22)

S EREET

Where X,..., X, , mutually independently distributed real random variables having the density in (2.1) with X;

having parameters aj,,b’j; j=1..k.

Then the Mellin transform of g (W) is given by

M[gW]=M[x* .M [M[x 52 ].M[x"] (2.23)
1 r a;+tm+s-1 r a;+tm-s+1
A e L8 e LB
=11 11 ! 11 ] (2 24)
= (g +tm) | = j=r1 =S '
I Jﬂ AP AP
j

For Re(a; +tmt(s—1)) >0,s=v+2r+2.

The unknown density g (W) is obtained in terms of H -function by taking the inverse Mellin transform of (2.24).
That is

_ k l r,0 ! % e -
0 =11— e S PR
A’T| A B
j
« L [1_%;@1%]
HX? oA w7 W j=r+l.k (2.25)
j=r+
-” 20
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For Re(a; +tmt(s—1)) >0,s=v+2r+2.

For B, =1=y,;;j=1,...,k, the H -function reduces to the G -function.

The Hankel transform of g(w) is given as:

HIwd, (pw)]=H[xJ, (px)]..H [x.J, (px,)]

H [x;lev ( pxr‘jl)]...H [xk‘l\]V ( pxk‘l)} (2.26)
) [a.+tm+s—1J (a.+tm—s+1]
= i R — i R —

k B r . k )

=3, (p)T1—2 I [f‘ 11 i‘ (2.27)
= o +tm ) | = 5 j=r+1 5
r|— AP AP

B,

For Re(a; +tmt(s—1)) >0,s=v+2r+2.

The unknown density g (W) is obtained in terms of H -function by taking the inverse Hankel transform of (2.27).
That is

1

1 r

k =
gWw) =J,(p) 11— {a'ﬂmJ Her' | TLA W [a,ﬂm_lll]u:l,---,r
AT By A
i
L [_aj+tm+1’i]
HY s 1A Al A P =141,k (2.28)

For Re(a; +tmt(s—1)) >0,s=v+2r+2.

For B, =1=y,;;j=1,...,k, the H -function reduces to the G -function.

Now, we consider more general structures in the same category. For example, consider the structure

n s X7r
1 X7r+l k

SEERITR

Where X, ..., X, , mutually independently distributed real random variables having the density in (2.1) with X;

having parameters aj,,Bj; j=1..k.
Then the Mellin transform of g(W, ) is given by

21
(C)Global Journal Of Engineering Science And Researches




THOMSON REUTERS
[Singh, 6(6): June 2019] ISSN 2348 - 8034
DOI- 10.5281/zenodo0.3241890 Impact Factor- 5.070
M[gw)]=M [ DT .M XD M x5 .M x| (230)

5 r(ocj+tm+5j(s—1)j r[aj+tm—5j(s—1)]
K B r . K )
- A I g‘ 11 _'i‘ (2.31)
i1 (e +tm) |12 2 j=ri -
r| - AP Al
{ B, J

For Re(a; +tmt(s-1)) >0,s=v+2r+2,6; >0.

The unknown density g(W,) is obtained in terms of H -function by taking the inverse Mellin transform of (2.31).
That is

s
: 1 o[ 1 APy |- il
g(Wl)—JE[l = {a_+tm] Ho,r }—:IlA W, (aj'*'tm—&j'é‘j}’]_l’“.’r
AT B B
i
k 7& [Lm’ﬁ]
HASL A w2 A j=r+t.k (2.32)

j=r+l

For Re(a; +tm£(s—1)) >0,s=v+2r+2,6;, >0.
For B, =1=y,;;j=1,...,k, the H -function reduces to the G -function.

Then the Hankel transform of g(W,) is given as:

HIwJ, (pw)]=H | x3,(px*) |.-H [} 3,(px) |

H [Xr_ﬁ”v ( PX it )J ..H [Xi "J, ( pX, )] (2.33)
5 FLozj+tm+5j(s—1)J F[aﬁtm—éj(s—l)J
k B r . k )
-3,(pT—2 I f;,‘ I ﬂ; (2.34)
= a. +tm) | = had | j=r+1 —S9)
r|— AP NG
B

For Re(a; +tm£(s—1)) >0,s=v+2r+2,6; >0.

The unknown density (W, ) is obtained in terms of H -function by taking the inverse Hankel transform of (2.34).
That is
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K 1 r,0 ! ig - H

g(Wl)_‘]v(p)}—:Il ﬁ a. +tm HO,r }—:I]_A W1 [aj+tm—5j 5]]1.1_111r

A A r ! Bi B

B;
A} [1_w,ﬁ]
HX A Pw| 7 A j=rel. k (2.35)

j=r+1

For Re(a; +tm£(s—-1)) >0,s=v+2r+2,6;, >0.

For ,Bj =1= 7is j=1,...,k, the H -function reduces to the G -function.
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